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Enumerating log rational curves on Pp(0° ® 0 (—a))

Naufil Sa kran, joint work with Carl Lian

Logarithmic Tevelev Degrees with tangency conditions

Enumerativity of X = Bl

Let X be a smooth, projective variety. Let Let X/C be a smooth, projective toric variety, and let D, C X be the torus-invariant divisors, indexed by We showed that, for the case X = Bl,, ., (P"),
(C,p1, ..., pn) be ageneral pointed curve of the maximal rays p € )_(1) in the fan ) of X. The boundary of X is given by | <51y D, and its the prediction of [4] for the logarithmic Tevelev
genus g. Let B € H,(X, Z) be an effective curve complement is the interior X° of X. degree does not always hold.

classon X, and let gy, . .., g, € X be general Let B € Hy(X, Z) be an effective curve class, and let n = 3. Assume that Example: Let X = Bljo:1:07 [0:0:11(P?). Any map
points.. | /,8 D, 20, forallp€ 2(1), f:P' — Xis given by five sections g4, . . ., g5
Question: How many morphisms f : C — X are X organized as f = [ 919,93 : 9194 : 9295].

there in class G (i.e. f« ([ C]) = B) satisfying For each p, let u, = (,up,v):j'i1 € N be a vector of positive integers, with sum fX,B - D,. In the case « We proved that logTev” = 2400 when

f(p) =giforallie[n]={1,...,n}? when fX,B - D, = 0, we let u, be the empty vector and m, = 0. We write m = ZpEZ(ﬂ m,. !

u =y =001), us=01,111), psa=ps=(5),
contradicting the prediction by [4] i.e. 5400.
e We have IogTev)If = 1152, as predicted by [4]

Consider n + m distinct points

(P,0) = ({p}", {apupern}™,) € @Y™

Let #r(X) denote the moduli space of log maps f : (P', P, Q) — X such that
dimension r, and let B € H,(X, Z) be a non-zero r(X) g gmapsf: ( ) um=u=01), us=0,11), us=(4), us=(2,2).

Geometric Tevelev Degrees

Let X be a smooth projective variety over C of

: : of.|C| =7,
effective curve class. Fix g, n = O such that felCl=F . . . o _
29— 2+ n > 0 so that the moduli space of e f maps p; to X° and f maps q,, , to the toric boundary of X with multiplicity u,, ., i.e. Future Directions
72 . . mp
stable maps # 4 (X, B) is a Deligne-Mumford f*D, = Z Ho o, The natural next direction would be to compute
stack. Let .#g,n(X, B) be the open subscheme =1 IogTev); for curves with genus g > O.
of smooth maps, and consider the forgetful map We use [" to denote the data of B, the integer n, and the vectors u, specifying the tangency profile of f
(X B) = Mo X X" along the boundary
| Assume that n = dirrr;]x + 1, then we define the (genus O) logarithmic Tevelev degree IogTev); to be the [1] Jenia Tevelev.

(f : (C' {pi}ié[n]) — X) — (C' {p,-})x {f(pi)}ié[n] degree of the forgetful morphism Scattering amplitudes of stable curves.

. . | - arXiv preprint arXiv:2007.03831, 2020.
Assume that the expected dimension of T: Mr(X) = Mo, X X". [2] Aaron Bertram, Georgios Daskalopoulos, and Richard
M n(X, B) is equal to the dimension of Wentworth.
M4, X X" or equivalently, 3] Gromov invariants for holomorphic maps from

B-KY =dim(X)(n+g—1), Fix integers r, s > 1and a > 0. Consider the space X,  ; = Pp(€0° ® 0 (—a)) and let " denote the ;'emanln ;‘izfai\es to.grasz/’mizn'an:j P
. om . . _ r4s+1 . ourndai o e American iviatnematicai society,
and all the dominating components of tangency data for maps to X; s . Assume thatn = —=+ 1 = 3/is an integer, where m = Zj=0 m; is the 9(2):529-571. 1996.
M, (X, B) are generically smooth of the total number of distinct intersection points of a rational curve P! with the toric boundary, as prescribed 3] Carl Lian and Naufil Sakran.
expected dimension. Then the geometric by I'. Here D, . .., D,+4 are the pullbacks of the torus-invariant divisors on P, Dy is the divisor Enumerating log rational curves on some toric
. . ding to the factor @ (—a), and D,4», . . ., D;+s+1 are the remaining torus-invariant divisors. Fix varieties.
Tevelev degree Tev”*  of X is defined as the cOrrespon ’ Frey ey 2resTt | . .
; e t?,ﬁl,n general pointspy,...,p, € P'and x4, ..., x, € X°. If arXiv preprint arXiv:2506.13975, 2025.
cerec o € Torgetiui map . r+s+1 r4s+1 [4] Alessio Cela and Aitor Iribar Lopez.
Example: [1] For the case when m<n—1Vj=1...,r+s+1, Z m; > (s—1)(n—1), mo + Z m; < s(n—1) Genus O logarithmic and tropical fixed-domain counts
X=P 8= (g+ 1)[1[);1]’ and n=g+ 3 j=r+2 =r+2 for hirzebruch surfaces.
hold. then Journal of the London Mathematical Society,

we have ’ 109(4):e12892, 2024.

r+s+1 r+s+1 mj re (1) Zr+1 m; — r(n _ 1)
TevX — 28 Xrs.qa — N . _m—r(n—1)—mg j=0 :
g,(g+1)[P'],g+3 IOgTeVr I'_o‘ m;. I_()‘ I_!ul,v a—=° Mo ' Contact Information
J= J=0 v=

This result also follows from early work on
Vafa-Intriligator formulas [2]. Otherwise, IogTeV|>~<r’S'Ol = 0. When a = 0, the expression 0° is interpreted to equal 1.
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